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Abstract

The dynamic response of the railway track is strongly influenced by the underlying soil. For a soft soil and very high

train speeds or for a very soft soil and regular train speeds, the train speed can be close to the speed of elastic waves in the

soil. This paper presents a detailed study of the so-called ‘‘moving-load effect’’, i.e. an amplification of the dynamic

response due to the load movement, for the tracks on soft soil. The analysis is carried out by evaluating the related

integrals in the wavenumber domain. The influence of the load speed is quantified for a large set of parameters, showing

that the effect on the soil vibration is reduced with increase of the frequency, track width and inverse wave velocity.

Therefore, the moving-load effect associated with vibratory train loads is negligible whereas the amplification associated

with the moving dead weight of the train can be significant. The strong moving-load effect on a perfectly homogeneous

soil, however, can be strongly diminished by a layered or randomly varying soil situation. This theoretical result is affirmed

by measurements at a test site in Germany where the trains run on a very soft soil at a near-critical speed. The results for

soft soils are compared with experimental and theoretical results for a stiff soil. It is found that the influence of the stiffness

of the soil is much stronger than the moving-load effect. This holds for the soil vibration as well as for the track vibration

which both show a minor dependence on the load speed but a considerable dependence on the soil stiffness in theory and

experiment.

Railway tracks can include soft isolation elements such as rail pads, sleeper shoes and ballast mats. For these types of

isolation elements and normal soil conditions, the influence of the load speed is usually negligible. There is only one

isolation measure for which the moving load may be effective: a track which is constructed as a heavy mass–spring system.

The resonance of this track system is shifted to lower frequencies and amplitudes for increasing train speed. A critical train

speed can be reached if the mass–spring system has a marginal bending stiffness along the track.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

When running on imperfect wheels and imperfect tracks, trains generate dynamic vibratory loads on the
railway tracks, which cause vibrations of the track and the surrounding soil. These ground vibrations caused
by irregularities of the vehicle and track and the corresponding dynamic loads have been investigated recently
ee front matter r 2007 Elsevier Ltd. All rights reserved.

v.2007.10.013

0 8104 3290; fax: +49 30 8104 1727.

ess: lutz.auersch-saworski@bam.de

www.elsevier.com/locate/jsvi
dx.doi.org/10.1016/j.jsv.2007.10.013
mailto:lutz.auersch-saworski@bam.de


ARTICLE IN PRESS
L. Auersch / Journal of Sound and Vibration 310 (2008) 587–607588
in Refs. [1,2], where it has been stated that the dynamic loads are the main cause of the ground vibration.
During the last decade, there was a great scientific interest to the dynamic effects associated with train–track
interaction [3–10]. The research was motivated by the growing high-speed traffic and the existence of soft soils
for which the train speed could be as high as the wave speed of the soil. In Ref. [11], it was shown for moving
loads of constant magnitude (hereafter, these loads are called static), that in most cases the regular response to
the static load is quasi-static and no special moving-load effect occurs. This regular (quasi-static) response has
only remarkable amplitudes at very low frequencies and at very short distances from the track. Therefore, the
static loads can be regarded as a minor source of ground vibration for normal traffic and soil conditions.
The present contribution examines the special conditions under which moving-load effect can be of
importance in reality.

First, moving-load effects have been studied for beam structures and beams on Winkler foundation [12,13].
A number of newer studies use the elastic half-space as the model of the soil [14–18]. The effect of the moving
load can be included in the computation by using stationary load spectra of the train [14,16] or by time
simulation [17]. The present contribution uses the same basic formulas in the frequency–wavenumber domain
as those presented in Refs. [3–10]. The wavenumber integral can be solved by the double fast Fourier
transform algorithm [6,8], which yields a detailed wave field and corresponding surface and contour plots
(Fig. 1). Other methods are more focused on the most important part of the transfer function for example by
using the wavelet transform [5], analytical integration [4], or adjusted integration schemes [9, present
contribution]. Up to now, two-dimensional wave-fields have been presented as examples for the capabilities of
the method [5,6,8], and some more detailed results have been presented in Refs. [6–9] for the comparison with
the Ledsgard measurements in Sweden [19,20]. In the present contribution, the double infinite wavenumber
integral is evaluated for several cases and parameters to find the rules for the moving-load effects.

The critical train speed is, in practice, only reached on very soft soils. Therefore, the influence of the critical
train speed is always combined with the influence of the reduced soil stiffness. Very soft soils yield completely
different track behaviour and ground-borne vibration compared to normally stiff soils. In the present
contribution, the results of a very soft soil are compared with the results of a normally stiff soil, and this
comparison is also done for two corresponding soft and stiff measuring sites.

The contribution consists of three parts. Section 2 briefly describes the methods of calculation. In Section 2.1
the methods are discussed for the wave propagation of the soil, whereas in Section 2.2 the methods are shown for
the combined track–soil system. Section 3 presents some results regarding the wave propagation through the
soil. The effect of a moving load is studied for harmonic loads and constant loads separately. The case of moving
harmonic loads with minor amplifications is treated in the first subsection whereas the case of a moving constant
load with major effects is analysed in more detail in the second subsection. At the end of this section, the
theoretical results are compared with measurements of a stiff and soft soil. The third main part (Section 4)
analyses the track behaviour under moving loads. In Section 4.1, the influence of the homogeneous and layered
Fig. 1. Wave-field generated by a super-critically moving harmonic load, contour plot from the two-dimensional FFT method.
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soil is established and compared with experimental results. A second subsection considers a track which is
constructed as a heavy mass–spring system.

2. Methods of calculation

2.1. Wave propagation in the frequency– wavenumber domain

Consider a complex vertical harmonic load

pðx; y; tÞ ¼ P eiOtp1ðxÞp2ðy� vtÞ (1)

with frequency O that moves in y-direction along the surface of a half-space. The vertical ground vibration at a
distance x from the track has to be calculated. The solution is found by transforming the stress field p into the
frequency–wavenumber domain, multiplying the load p* by the transfer function H* of the soil and
calculating the inverse transform of the result into the x–y-plane. These three steps are performed as follows.

The excitation force is transformed into the frequency–wavenumber domain as

p�ðkx; ky;oÞ ¼
Z þ1
�1

Z þ1
�1

Z þ1
�1

pðx; y; tÞe�iðkxxþkyyþotÞ dxdydt

¼

Z þ1
�1

Z þ1
�1

Z þ1
�1

P eiOtp1ðxÞp2ðy� vtÞe�iðkxxþkyyþotÞ dxdydt

¼ P

Z þ1
�1

eiðO�oÞt
Z þ1
�1

p2ðy� vtÞ e�ikyy dydt

Z þ1
�1

p1ðxÞe
�ikxx dx

¼ P

Z þ1
�1

eiðO�oÞtp�2ðkyÞe
�ikyvt dtp�1ðkxÞ

¼ P

Z þ1
�1

eiðO�kyv�oÞt dtp�1ðkxÞp
�
2ðkyÞ

¼ P2pdðo� Oþ kyvÞp�1ðkxÞp
�
2ðkyÞ. ð2Þ

In this contribution, only constant square loads of length a are used as excitation

p1ðxÞ ¼
1=a for jxjoa=2;

0 else;

(
(3)

and the wavenumber transforms p�1 ¼ p�2 can be given explicitly as

p�1ðkxÞ ¼
sin kxa=2

kxa=2
; p�2ðkyÞ ¼

sin kya=2

kya=2
. (4)

The vertical compliance u*/p* ¼ H*(o,k) of the soil for a vertical harmonic planar stress wave of circular
frequency o and wavenumber k is calculated according to Ref. [21] or Ref. [22]. The homogeneous half-space
is described by the shear modulus G, the shear and compressional wave velocities vS and vP, and the
compliance can be given explicitly as

H� ¼
qPk2

S

iG detK
(5)

with

det K ¼ ðk2
S � 2k2

Þ
2
þ 4k2qSqP (6)

and

kS ¼ o=vS; qS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

S � k2
q

,

kP ¼ o=vP; qP ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

P � k2
q

. ð7Þ
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The transfer function H* of the homogeneous or layered soil is used to establish the solution

u�ðkx; ky;oÞ ¼ H�ðkx; ky;oÞp�ðkx; ky;oÞ (8)

in the frequency–wavenumber domain. The solution in the space domain is found by the inverse Fourier
transform

uðx; y; tÞ ¼
1

2pð Þ3

Z þ1
�1

Z þ1
�1

Z þ1
�1

H�ðkx; ky;oÞP2pdðo� Oþ kyvÞp�1ðkxÞp
�
2ðkyÞe

iðkxxþkyyþotÞ dkx dky do

¼
P

2pð Þ2

Z þ1
�1

Z þ1
�1

H�ðkx; ky;O� kyvÞp�1ðkxÞp
�
2ðkyÞe

iðkxxþkyy�kyvtþOtÞ dkx dky. ð9Þ

If a moving coordinate system with

y� ¼ y� vt (10)

is used, the integral is constant in time and the response of the soil to the moving load can be expressed as

uðx; y�;OÞ ¼
P

ð2pÞ2

Z þ1
�1

Z þ1
�1

H�ðkx; ky;O� kyvÞp�1ðkxÞp
�
2ðkyÞe

iðkxxþkyy�Þ dkx dky (11)

in the moving frame of reference. This resulting double integral is the same integral that has to be solved for a
stationary load. The only difference between a moving and a stationary load is that the compliance of the soil
has to be calculated for shifted frequencies

o ¼ O� kyv (12)

in case of the moving load.

2.2. Track deformation and track– soil interaction in the frequency– wavenumber domain

If the soil is loaded indirectly via the track system, the compliance of the combined track–soil
system must be calculated. The most simple track system consisting of a track beam is considered as
an example. A constant vertical stress is assumed across the width a of the track, and the vertical
compliance of the track–soil system is calculated at the centre line of the track. Other stress distributions
and the approximation of a rigid behaviour of the track cross section can be considered, see Ref. [23]
for details.

The problem is solved in the ky–o-domain. The compliance HS of the soil for a harmonic wave strip load is
calculated as

HSðky;oÞ ¼
1

2p

Z þ1
�1

H�ðkx; ky;oÞp�1ðkxÞdkx ¼
1

KSðky;oÞ
. (13)

The integral represents the displacement of the beam centreline for a constant stress distribution p1(x) across
the track beam. The stiffness KS of the soil is combined with the stiffness KB of the beam

KBðky;oÞ ¼ EIk4
y �m0o2 (14)

with bending stiffness EI and mass density m0, to obtain the stiffness of the coupled beam–soil system

KBSðky;oÞ ¼ KB þ KS,

HBSðky;oÞ ¼
1

KB þ KS

. ð15Þ

The force on the ground is calculated by the transfer function

TBSðky;oÞ ¼
KS

KB þ KS

, (16)

which relates the forces under the beam to the forces on the beam.
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The displacements of the track are found by the inverse Fourier transformation of the displacements u* in
the frequency–wavenumber domain

u�ðky;oÞ ¼ HBSðky;oÞP,

uðy;oÞ ¼
P

2p

Z þ1
�1

HBSðky;oÞeikyy dky ð17Þ

for a point load on the beam which has the constant wavenumber transform P. The displacements uS of the
soil are calculated from the soil stresses under the beam

p�Sðkx; ky;oÞ ¼ TBSðky;oÞPp�1ðkxÞ (18)

with the representation (8) of the last section and the inverse Fourier transformation

uSðx; y;oÞ ¼
P

ð2pÞ2

Z þ1
�1

Z þ1
�1

H�ðkx; ky;oÞTBSðky;oÞp�1ðkxÞe
iðkxxþkyyÞ dkx dky. (19)

Once again, the moving-load solution is established by the substitution of O�kyv for o and y* ¼ y�vt

for y as

uSðx; y
�;OÞ ¼

P

ð2pÞ2

Z þ1
�1

Z þ1
�1

H�ðkx; ky;O� kyvÞTBSðky;O� kyvÞp�1ðkxÞe
iðkxxþkyy�Þdkx dky (20)

for the soil and

uT ðy
�;OÞ ¼

P

2p

Z þ1
�1

HBSðky;O� kyvÞeikyy� dky (21)

for the centre line of the track.
All integrals (11), (20) and (21) are solved numerically. The integration steps in the wavenumber domain are

fitted to the compliance H* of the soil so that the important contributions of the poles of the compliance
function are well incorporated. Special care is necessary for the static case o ¼ 0, where all poles are at k ¼ 0.
The realistic material damping D of the soil, which is introduced as G ¼ G0(1+i2D), facilitates the numerical
integration.

3. Soil vibrations due to moving constant and harmonic loads

3.1. The influence of moving harmonic loads on soils with different stiffnesses

At first, the vertical transfer functions due to vertical stationary point loads are considered for three
different homogeneous soils with vS ¼ 300, 100 and 30m/s. A rather high damping value D ¼ 5% is used in
the calculations which has been determined experimentally at the measuring sites (see Section 3.3 and Table 1).
The transfer functions of the soil particle velocities (Fig. 2, vS ¼ 300m/s) show generally an increasing
behaviour with frequencies increasing from 4 to 100Hz which is the relevant frequency range for railway
induced ground vibrations. For a soft soil with vS ¼ 100m/s, the material damping causes a strong reduction
of the amplitudes at high frequencies and far distances (Fig. 3). At low frequencies, the amplitudes are 10 times
higher compared to the stiff soil. This effect is even stronger for the very soft soil of vS ¼ 30m/s (Fig. 4). The
low-frequency amplitudes of the soft soil are 100 times higher than the amplitudes of the stiff soil
corresponding to the inverse ratio of the shear moduli. Due to the strong effect of damping for soft soils, the
amplitudes are decreasing with higher frequencies in clear contrast to the transfer functions of the stiff soil.

Next, moving harmonic loads are considered. It is assumed that the load is uniformly distributed over a
square area of width a for which the values a ¼ 1.0 and 2.6m have been chosen. The moving-load effect for
different load frequencies and wave velocities of the soil is derived by the following procedure which is
illustrated by Figs. 5 and 6. For certain distances x ¼ 4, 8, 16m from the track, the displacements on a line
parallel to the track are calculated. Fig. 5 shows an example for a small load area (a ¼ 1.0m), a medium
stiff soil (vS ¼ 200m/s) and a frequency of 8Hz. For the critical speed, the amplitudes are much more
concentrated and have a considerably increased maximum compared to the displacement u0(y) of the
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Table 1

Parameters of the different soils

h vS vP G (MN/m) D ¼ DS ¼ DP Figures

Stiff soil

Homogeneous 300 600 180 5 2, 18

Medium soil

Homogeneous 200 400 80 5 5, 7, 8

Soft soil

Homogeneous 100 200 20 5 3, 7, 8

Very soft soil

Homogeneous 30 60 1.8 5 4, 6, 9, 10, 11, 19

Layered soil

0–3m 30 60 1.8 5 11, 20

43m 300 600 180 5

Stiff site

0–5m 270 540 146 5 12, 15, 17a

45m 1000 2000 2000 5 21, 23

Very soft site

0–3m 30 60 1.8 5 13, 14, 16, 17b

43m 300 600 180 5 22, 24

Fig. 2. Transfer function of a stiff soil with vS ¼ 300m/s, D ¼ 5% at the distances & 4, J 8, n 16, +32 and � 64m.

L. Auersch / Journal of Sound and Vibration 310 (2008) 587–607592
stationary load. The absolute maximum of the displacements is found for a number of load speeds vT—for
higher load speeds behind the load—and displayed in Fig. 6 as a normalized function u/u0(vT/vS) of the load
speed. This function starts at u/u0 ¼ 1 for a stationary load and increases with increasing load speed.
A maximum is reached approximately at the wave speed vS of the soil. The amplification u/u0 at a super-critical
speed is generally lower than at the critical speed. The maximum effect for a certain excitation frequency, for
example u/u0 ¼ 4 for 8Hz in Fig. 5, is taken to construct a general diagram (Fig. 7) for the moving-load effect
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Fig. 3. Transfer function of a soft soil with vS ¼ 100m/s, D ¼ 5% at the distances & 4, J 8, n 16, + 32 and � 64m.

Fig. 4. Transfer function of a very soft soil with vS ¼ 30m/s, D ¼ 5% at the distances & 4, J 8, n 16, + 32 and � 64m.

L. Auersch / Journal of Sound and Vibration 310 (2008) 587–607 593
of harmonic loads. Fig. 7a shows considerable effects for a theoretical situation of a medium stiff soil
(vS ¼ 200m/s) and a small load area (a ¼ 1m). The maximum effect u/u0 ¼ 7 is observed at low frequencies
while the effect is continuously decreasing with increasing frequency. The influence of the distance from the
track (x ¼ 4, 8 and 16m) is not significant.

If the same calculations are performed for a more realistic situation with vS ¼ 100m/s and a ¼ 2.6m
(Fig. 7b), the influence of the load speed is much weaker and limited to a factor of 2 in the typical frequency
range. To understand this different behaviour, both results are presented together in non-dimensional form in
Fig. 8. The frequency is replaced by a f/vS and both results fit well in a single decaying curve. The parameter
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Fig. 5. Relative displacement amplitudes u/u0 along the track at distance x ¼ 4m for a harmonic square load of a ¼ 1m, f ¼ 8Hz,

vS ¼ 100m/s, & moving load with vT ¼ vS and J stationary load.
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Fig. 6. Moving-load effect for a harmonic square load of a ¼ 2.6m on a soil with vS ¼ 30m/s, amplification u/u0 of the maximum

amplitude at a distance of 4m as a function of the relative train speed vT/vS, dashed line f ¼ 0Hz and full line f ¼ 1Hz.

Fig. 7. Amplification u/u0 of the soil vibrations at distances & 4, J 8 and n 16m due to a harmonic load moving with critical speed

vT ¼ vS as a function of excitation frequency: (a) for a ¼ 1m, vS ¼ 200m/s and (b) for a ¼ 2.6m, vS ¼ 100m/s.

L. Auersch / Journal of Sound and Vibration 310 (2008) 587–607594
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Fig. 8. Amplification u/u0 of the soil vibrations at distances & 4, J 8 and n 16m due to a harmonic load moving with critical speed

vT ¼ vS as a function of the normalized excitation frequency af/vS.

Fig. 9. Relative displacements u/u0 along the track at distance x ¼ 4m for a static square load of a ¼ 2.6m, vS ¼ 30m/s, & moving load

with vT ¼ vS and J stationary load.

L. Auersch / Journal of Sound and Vibration 310 (2008) 587–607 595
a* ¼ a f/vS compares the width of the load area with the wavelength of the soil. The longer the waves are
compared to the load area, the more coherent are the arriving waves of the different excitation points and the
stronger is the effect at critical speed. The phase differences at a receiver point increase with higher frequencies
and prevent strong effects for moving harmonic loads. The calculated effects with a maximum factor of 2 for
realistic situations are almost negligible compared to the strong influence of the soil stiffness. The strongest
moving-load effect may be expected for the constant static load which is examined in the following subsection.

3.2. The effect of moving constant loads on the soil vibration

As in the preceding subsection, the displacements on a parallel line at a distance x from the track are
calculated (Fig. 9). The maximum displacement, which is behind the load for the critical train speed, is
evaluated and compared with the theoretical value

u0 ¼
1� n
2pxG

P (22)

of a stationary static load on a homogeneous half-space. The maximum amplification u/u0 is calculated for
different distances from the track (x ¼ 4, 8, 16m), different load areas (a ¼ 0.5, 1, 2m) and for two damping
values (D ¼ 2.5% and 5%). It can be seen from Fig. 10 that the influence of x and a is not so strong, especially
for D ¼ 5%, whereas the influence of the damping is important for the moving constant load. Half the
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Fig. 10. Moving-load effect of constant loads on a soft soil with vS ¼ 30m/s, amplification u/u0 for different damping values D, different

distances x and different load areas, black a ¼ 0.5m, dark grey a ¼ 1m and light grey a ¼ 2m.

Fig. 11. Spectra of the particle velocities at distances & 3, J 5 and n 10m due to the passage of a constant load with P ¼ 100 kN and

vT ¼ 100 km/h over a soft soil: (a) homogeneous soil with vs ¼ 30m/s and (b) layered soil with vS ¼ 30m/s over vS ¼ 300m/s, h ¼ 3m.

L. Auersch / Journal of Sound and Vibration 310 (2008) 587–607596
damping yields almost twice the maximum amplification which reaches a value of more than 10 for a moderate
damping of 2.5%.

Another strong effect due to a moving constant load can be seen in Fig. 9. The stationary load yields a
smooth variation alongside the track whereas the moving load yields a sharp pulse which consists of a first
upward motion and a stronger downward motion. This implies a strong change of the spectrum of the particle
velocity at a fixed receiver point. The velocity spectra are calculated with different displacement solutions u(y)
which are transformed from the spatial domain to the time domain, from the time domain to the frequency
domain and finally multiplied by io. The strongest moving-load effect is shown in Fig. 11a where a load is
moving at critical speed on a homogeneous soft soil. High amplitudes of 20–30mm/s are calculated at the
near-field which are weakly decreasing with frequency. Moreover, the attenuation of the amplitudes with
distance is weak so that the response to the critically moving constant load is more important at further
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distances and higher frequencies. In addition to the homogeneous soil (Fig. 11a), a layered soil, which
represents the site conditions of the very soft soil, is analysed in Fig. 11b. The low-frequency beginning
of the curves is much lower with amplitudes between 0.3 and 3mm/s. Due to the layering, there is a resonance
at around 6Hz, but the resonance amplitudes are not higher than the amplitudes of the homogeneous case
(Fig. 11a).

3.3. Soil vibration measurements on stiff and soft soils

Measured soil vibrations are compared for two sites with a normally stiff soil (site A) and a very soft soil
(site B). The wave speed of the soil at the measuring site A is determined by a delay-time measurement which
results in a shear wave speed of vS ¼ 270m/s for impulse and harmonic excitation. The material damping of
the soil is established from the amplitude-distance law as DE5% [24,25]. Moreover, the measurements with
the impulse excitation are used to evaluate the transfer function of the soil (Fig. 12). The very small amplitudes
at low frequencies are due to the stiff subsoil which is assumed at 5m depth with vSE1000m/s.

Similar investigations as for the stiff soil have been performed for the very soft soil at measuring site B. The
time histories of the impulse excitation are shown in Fig. 13 and the clear wave front of the dominating
vibration yields a wave speed of v ¼ 30m/s. There are two minor wave fronts with higher wave velocities. The
first wave front belongs to the compressional wave and the second wave front indicates a stiffer soil with
v ¼ 300m/s at greater depth. An experimental transfer function of this very soft site is established (Fig. 14)
where the low frequencies are dominating in clear contrast to the normally stiff soil (Fig. 12). The high
frequencies are filtered by the material damping which is approximated by D ¼ 5%.

3.4. Measured train induced vibrations of stiff and soft soils

The train induced ground vibrations are compared for the two measuring sites which have been described in
the preceding section. The velocity spectra of the measuring points at 3–50m distance from the track are
shown in Fig. 15 for the stiff and in Fig. 16 for the very soft soil. At the normally stiff site, the maximum
amplitudes are found between 16 and 64Hz whereas the low- and high-frequency amplitudes are very small.
The maximum amplitudes of the very soft soil are below 8Hz and the spectra are decreasing with increasing
frequency. Due to this strong effect of damping, the high-frequency amplitudes (f420Hz) of the soft soil are
Fig. 12. Measured transfer function of the stiff soil at the distances & 3, J 5, n 10, + 15, � 20, B 30 and , 40m.
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Fig. 13. Measured time histories due to an impulse excitation of the soft soil with vS ¼ 30m/s.

Fig. 14. Measured transfer function of the soft soil at the distances & 3, J 10, n 20, + 30 and � 50m.

L. Auersch / Journal of Sound and Vibration 310 (2008) 587–607598
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Fig. 15. Measured amplitudes of the stiff soil at x ¼& 3, J 8, n 12, + 20, � 30 andB 50m during the passage of a passenger train with

vT ¼ 100 km/h.

Fig. 16. Measured amplitudes of the soft soil at x ¼& 3, J 10, n 20, + 30, � 40 and B 50m during the passage of a passenger train

with vT ¼ 100km/h.

L. Auersch / Journal of Sound and Vibration 310 (2008) 587–607 599
smaller than those of the stiff soil. If the amplitudes of the normally stiff and the very soft soil are compared at
low frequencies, a very strong difference is recognized where the amplitudes of the soft soil are about 100 times
higher than the amplitudes of the stiff soil. This difference can be explained by the different shear moduli of
the two sites.

If the measured amplitudes of the very soft soil (Fig. 16) are compared with the theoretically predicted
amplitudes for a static axle load that is moving with critical speed on a homogeneous soil (Fig. 11a), the very
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high values due to the moving-load effect cannot be found. Even the lower theoretical amplitudes of a layered
soil (Fig. 11b) are not reached by the measurements. In contrary, it was shown in Ref. [21] that the measured
amplitudes of the very soft soil can be predicted with a dynamic load spectrum which consists of Pi ¼ 1 kN for
each axle and one-third octave band and which is also suitable for a stiff soil.

The explanation for this experimental observation is as follows: The strong moving-load effect for a static
load that is moving with critical speed strictly depends on the perfectly homogeneous soil conditions. The
strong effect, which is due to a ‘‘sonic boom’’, is easily destroyed by any disturbance of the perfect soil
condition. Every soil has an increasing stiffness with depth. A very soft soil normally lies on a stiffer subsoil. It
is theoretically shown in Fig. 11b that this layering already reduces the moving-load effect considerably. In
addition, every soil has random material properties which vary from place to place in horizontal as well as in
Fig. 17. Maximum amplitudes as a function of the distance due to the passages of a train with (a) vT ¼& 40, J 60, n 80, + 100, � 120,

B 140 and , 160 km/h, stiff soil, and (b) different trains with vT ¼ 90–110 km/h, soft soil.
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vertical direction. It is expected that this random variation of soil properties further reduces the moving-load
effect in real situations.

Finally, the maximum amplitudes during the passage of trains are compared for the two sites. At the stiff
site A, a measuring train with a measuring car ran on that line with different train speeds from 40 to 160 km/h
[26]. The different maximum amplitudes of the corresponding speeds and all measuring points are presented in
Fig. 17a. Typical values for 100 km/h, the speed considered here, are v ¼ 0.3mm/s at x ¼ 8m, v ¼ 0.2mm/s at
x ¼ 15m, and v ¼ 0.1mm/s at x ¼ 30m. The attenuation of the amplitudes with distance is approximately
A�x�0.7 which is a typical result at railway lines. The amplitudes increase by a factor of 10 when the train
speed is varied from 40 to 160 km/h, that means an increase of A�vT

1.5.
At the soft site B, the maximum amplitudes during the passage of some trains, which are all running close to

the critical speed, are plotted in Fig. 17b. The soil amplitudes reach v ¼ 10mm/s near the ballast and attenuate
rather rapidly as

A�x�1:5

due to the strong effect of material damping. At x ¼ 10m from the track, typical amplitudes are v ¼ 2mm/s,
and at x ¼ 30m, amplitudes less than v ¼ 0.5mm/s are measured for all trains. Comparing the different sites,
the maximum soil amplitudes at the far field have only a moderate ratio of vsoft/vstiff ¼ 5 although the stiffness
ratio Gstiff/Gsoft ¼ 100 is very high.

4. Track vibrations due to critically moving trains

4.1. Tracks on different soils

A typical railway track is calculated as a beam on different soil models. The track beam represents the
stiffness and mass of the two UIC60 rails

EI ¼ 2� 6:4� 106 Nm2,

m01 ¼ 2� 60 kg=m

and the mass of the concrete sleepers

m02 ¼ 300 kg=0:6m ¼ 500 kg=m.

The track width is

a ¼ 2:6m

corresponding to the sleeper length.
The calculated displacements u(y) of this track are shown in Figs. 18–20 as time histories u(t) and v(t) of

displacement and velocity which can be compared with the measured track vibration. The results are shown
for a stationary load and for a load moving with a speed of vT ¼ 100 km/h ¼ 28m/s. On the stiff soil
(vS ¼ 300m/s, Fig. 18), the maximum track displacement under a static axle load of P ¼ 100 kN is

u1 ¼ 0:2mm,
Fig. 18. (a) Displacement and (b) velocity time histories of a track on a stiff soil with vS ¼ 300m/s during the passage of a single axle of

100 kN with train speed vT ¼ 28m/s 5vR, calculated from the displacements u(y) of & a stationary load and J a moving load.
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Fig. 19. (a) Displacement and (b) velocity time histories of a track on a soft soil with vS ¼ 30m/s during the passage of a single axle of

100 kN with train speed vT ¼ vR ¼ 28m/s, calculated from the displacements u(y) of & a stationary load and J a moving load.

Fig. 20. (a) Displacement and (b) velocity time histories of a track on a layered soil (vS ¼ 30/300m/s, h ¼ 3m) during the passage

of a single axle of 100 kN with train speed vT ¼ vR1 ¼ 28m/s, calculated from the displacements u(y) of & a stationary load and
J a moving load.
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and the maximum velocity is

v1 ¼ 6mm=s.

The train speed is considerably slower than the Rayleigh wave velocity so that the curves of the stationary
and moving load are completely identical.

If the same track is laid on the very soft soil with vS ¼ 30m/s, it shows quite different displacements
(Fig. 19). The maximum displacement is

u2 ¼ 7mm

and the deformation of the track is much wider than for the stiff soil, so that a smoother variation with
distance and time is observed. The maximum track velocity is increased to

v2 ¼ 66mm=s

but the amplitude ratio between the soft and stiff soil is only v2/v1 ¼ 11 for the velocities compared to a ratio
of u2/u1 ¼ 35E(G2/G1)

�0.75 [27] for the displacement.
In addition to this strong influence of the stiffness of the soil, there is a moving-load effect for the very soft

soil and the critical train speed in Fig. 19. The two curves of a stationary and a moving load differ by a
moderate factor of u/u0 ¼ 1.5 for the displacement and v/v0 ¼ 2.2 for the velocity. The displacements due to
the moving load show an additional small maximum before the load which is followed by a strong descent.
The descent is still present at the loading point y ¼ 0, and the maximum displacement is slightly a little behind
the loading point. If the track is laid on a layered soil (Fig. 20), the absolute amplitudes are reduced due to the
stiffer subsoil. The reduced values are 5mm for the displacement and 60mm/s for the velocity. The moving-
load effect is also reduced for the layered situation. The amplifications compared to the stationary load are
almost negligible, the values are u/u0 ¼ 1.2 for the displacement and v/v0 ¼ 1.5 for the velocity.

Track vibrations have also been measured at the same stiff and soft sites, where the soil vibrations have been
measured. The track vibrations are measured by a velocity transducer (geophone) on the sleeper. The track
displacements are obtained from these velocity measurements as follows (Fig. 21): The spectrum of the
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Fig. 21. Measured velocities and displacements of the track on the stiff soil during the passage of a passenger train: (a) original velocity

signal, (b) corrected signal, (c) filtered signal and (d) displacements by integration of (c).
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geophone is divided by the transfer function of the sensor. The inverse Fourier transform yields the corrected
velocity signal (Fig. 21b). The next step is a low-pass filtering of the signal with a cut-off frequency of 30Hz
(Fig. 21c). At the end, the spectrum is divided by io and the inverse Fourier transform yields the displacement
of the track (Fig. 21d). Fig. 21 shows the passage of four bogies of three passenger cars with a speed of
100 km/h. Every axle gives a clear impulse for the track on the stiff soil in the same way as calculated. From
the given evaluation of the track measurements, approximate maximum amplitudes can be derived for the stiff
soil (Fig. 21) as well as for the soft soil (Fig. 22): displacements of the stiff soil u1E0.2mm, velocity of the stiff
soil v1 ¼ 11mm/s, displacements of the soft soil u2 ¼ 3mm, velocity of the soft soil v2E40mm/s.

Similarly to the calculated results, the measured reaction of the track on the soft soil (Fig. 22) is much
smoother than on the stiff soil, so that the impulses due to following axles are not so clearly separated. Six
axles from the beginning of the train passage can be identified from the original velocity signal (Fig. 22a), but
not all axles are visible in the smoother displacement signal (Fig. 22d). The influence of the soil stiffness can be
quantified from the measurements as u2/u1E12 for the displacements and v2/v1E3.5 for the velocities. These
effects are not so strong as calculated, but still demonstrate the strong influence of the soil stiffness. In case of
a soft soil, it is necessary to include the stiffening effects of the ballast, sub-ballast and the embankment. More
details about track models and their verification are presented in Ref. [27].

Figs. 23 and 24 compare the spectra of the track velocity for the stiff and soft soil. The spectrum at the stiff site
(Fig. 23) has a maximum between 8 and 12Hz in case of vT ¼ 100km/h. At higher frequencies, the amplitudes keep
nearly constant at a lower level than this maximum. The track spectrum for the soft soil (Fig. 24) has the maximum
of the velocity amplitudes below 4Hz (the maximum of the theoretical results for a single axle is at 2Hz for the soft
soil and at 9Hz for the stiff soil). Above 4Hz, the spectrum decreases, starting with higher values (vp10mm/s) than
for the stiff soil and reaching values of vp1mm/s at 16Hz. The response to the static train loads is expected to
decrease continuously with increasing frequency. Therefore, the almost constant amplitudes, that are measured at
frequencies higher than 16Hz, are due to other sources, for example irregularities of the track and vehicle [2].

4.2. Track on soft isolation elements

Soft isolation elements such as rail pads, sleeper shoes and ballast mats are used in tracks to reduce the
dynamic loads and the vibrations due to railway traffic [28]. Heavy mass–spring system tracks consist of a high
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Fig. 22. Measured velocities and displacements of the track on the soft soil during the passage of a passenger train: (a) original velocity

signal, (b) filtered signal, (c) corrected signal and (d) displacements by integration of (c).

Fig. 23. Measured velocity spectra of the track on the stiff soil during the passage of passenger trains with vT ¼& 160, J 125, n 100,

+ 80, � 63 and B 40 km/h.
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Fig. 24. Measured velocity amplitudes of the track on the soft soil during the passage of three different trains with vT ¼ 100km/h.

Fig. 25. Track compliance of a heavy mass–spring system under moving loads with different train speeds.
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track mass due to additional concrete plates which is supported by soft springs or other elastic isolation
elements. For such a heavy mass–spring system, the influence of the train speed is examined. The mass per
length is chosen as m0 ¼ 4000 kg/m, whereas the bending stiffness is restricted to the bending stiffness of the
two UIC60 rails. The stiffness of the soft isolation elements is adjusted as k0 ¼ m0o0

2 to get the resonance
frequency of f0 ¼ 10Hz. The damping of the isolation is chosen as D ¼ 5%.

The results—the compliances of the track—are shown in Fig. 25 for different train speeds. Heavy
mass–spring systems have a low resonance frequency of the track on the support which is at 10Hz for the
chosen parameters. It is observed that the resonance is shifted to lower frequencies if the speed of the train is
increased. Moreover, the resonance amplitude is also reduced with increasing speed. These effects can be
interpreted as if the moving load would increase the mass and damping of the track system. At vT ¼ 300 km/h,
the resonance frequency is shifted to f ¼ 0Hz and that means that the critical speed of this track system is
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reached. It is the critical speed according to

vcritical ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffiffiffiffiffiffiffiffi
k0EI
p

m0

s
(23)

which is different from the critical speed of the soil. The resonance amplification at this critical speed is not
higher than for a stationary load. The importance of this situation is due to the fact that the high regular static
train loads are amplified at the resonance instead of small irregular dynamic loads.

The calculated results are valid for the extreme situation in which the heavy mass–spring system has no
bending stiffness, for example if it consists of short plate segments. If the mass–spring system is constructed as
a continuous plate, the bending stiffness of the plate shifts the critical speed to very high and not accessible
train speeds. In general, this type of critical train speed is found in reality less probably than a critical wave
speed of the soil.

5. Conclusions

The effects of loads moving on the soil with critical speed are analysed by integration techniques in the
frequency–wavenumber domain. The integrals for the soil and track vibrations are evaluated numerically and
a parametric study of the moving-load effect is performed. Theoretical and experimental results regarding
displacement and velocity amplitudes of soil and track vibrations are shown for a regular (stiff) and a very soft
soil.

The parameters of the stiff soil (vS ¼ 300m/s, D ¼ 5%) and of the very soft soil (vS ¼ 30m/s, D ¼ 5%)
correspond to those measured at test sites in Germany. The low-frequency amplitudes of the soft soil are 100
times higher than those of the stiff soil, and the track displacements on the soft soil are 35 times higher than
those on the stiff soil. This strong influence of the soil stiffness is compared with the influence of the load
speed. For moving harmonic loads, the maximum amplification at near-critical speeds depends clearly on the
load frequency f, the load distribution across the track width a, and the wave velocity vS of the soil. The
moving-load effect decreases with increasing parameter af/vS. Therefore, the amplification of harmonic loads
is limited to u/u052 for realistic parameters. The strongest effect is found for the moving constant load for
which the maximum values are u/u0E5 for a soil damping of D ¼ 5% and u/u0E10 for D ¼ 2.5%. In addition
to the strong amplification of the soil vibration, a small amplification u/u0 ¼ 1.5 of the track displacement
under a critically moving load has been calculated. The weak or strong moving-load effects are reduced by
stiffer soil layers at greater depths and by random inhomogeneities of the soil.

The results are compared with measurements at a soft and stiff site. The strong difference between the low-
frequency amplitudes of the soft and stiff sites is verified by the measurements as well as the strong difference
between the frequency contents—a low-frequency content in the soft soil, a high-frequency content in the stiff
soil. If the maximum amplitudes are compared, there is only a moderate ratio of vsoft/vstiff ¼ 5 at the far field,
although the stiffness ratio is Gstiff/Gsoft ¼ 100 and the train is running with the critical speed. This result can
be explained by the damping and the inhomogeneity of the soil. The practical conclusion is that great care
should be taken if strong moving-load effects are theoretically predicted for real situations, and that the most
important parameters, the stiffness and damping of the soil, must be measured and introduced properly into
the calculation.
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